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Abstract 

Nonlinear elliptic Neumann problems, possibly in irregular domains and with data affected 
by low integrability properties, are taken into account. Existence, uniqueness and continuous 
dependence on the data of generalized solutions are established under a suitable balance between 
the integrability of the datum and the (ir)regularity of the domain. The latter is described in 
terms of isocapacitary inequalities. Applications to various classes of domains are also presented. 



Resume 

Nous considerons des problemes de Neumann pour des equations elliptiques non lineaires dans 
domaines eventuellement non reguliers et avec des donnees peu regulieres. Un equilibre entre 
l'integrabilite de la donnee et l'(ir)regularite du domaine nous permet d'obtenir l'existence, 
l'unicite et la dependance continue de solutions generalisees. L'irregularite du domaine est decrite 
par des inegalites "isocapacitaires" . Nous donnons aussi des applications a certaines classes de 
domaines. 
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1 Introduction and main results 

The present paper deals with existence, uniqueness and continuous dependence on the data of 
solutions to nonlinear elliptic Neumann problems having the form 

j-div(a(x, Vn)) = f(x) in ft 
1 a(x, Vtt) • n = on dQ . 

Here: 

ft is a connected open set in R n , n > 2, having finite Lebesgue measure |ft|; 

a : ft x M n — > IR n is a Caratheodory function; 

/ € L q (Q) for some 5 € [1, 00] and satisfies the compatibility condition 

(1.2) / f(x)dx = 0. 

Jo. 

Moreover, " • " stands for inner product in M n , and n denotes the outward unit normal on (9ft. 

Standard assumptions in the theory of nonlinear elliptic partial differential equations amount 
to requiring that there exist an exponent p > 1, a function h 6 L p (ft), where p' = and a 
constant C such that, for a.e. x G ft : 

(1.3) a{x,i)-i> for ?GM"; 

(1.4) \a(x,0\ <C(\£\ p - l + h(x)) for^eK"; 

(1.5) [a(z,0 - a(x,??)] • (f - 77) > for f, 77 € M n with ^ 77 . 

The p-Laplace equation, corresponding to the choice a(x, £) = |C| p 2 C) and, in particular, 
the (linear) Laplace equation when p = 2, can be regarded as prototypal examples on which our 
analysis provides new results. 

When ft is sufficiently regular, say with a Lipschitz boundary, and q is so large that / belongs 
to the topological dual of the classical Sobolev space W 1,P (Q), namely q > rip ™ P l+p if p < n, q > 1 
if p = n, and q > 1 if p > n, the existence of a unique (up to additive constants) weak solution to 
problem (II. ip under ()1.2|> - (11.5j) is well known, and quite easily follows via the Browder-Minthy 
theory of monotone operators. 

In the present paper, problem (|l.lj) will be set in a more general framework, where these 
customary assumptions on ft and / need not be satisfied. Of course, solutions to (jl.ip have to 
be interpreted in an extended sense in this case. The notion of solution u, called approximable 
solution throughout this paper, that will be adopted arises quite naturally in dealing with 
problems involving irregular domains and data. Loosely speaking, it amounts to demanding that 
u be a distributional solution to (II. ip which can be approximated by a sequence of solutions to 
problems with the same differential operator and boundary condition, but with regular right- 
hand sides. A precise definition can be found in Section 12.31 We just anticipate here that an 
approximable solution u need not be a Sobolev function in the usual sense; nevertheless, a 
generalized meaning to its gradient Vit can be given. 

Mathematics Subject Classifications: 35J25, 35B45. 

Keywords: Nonlinear elliptic equations, Neumann problems, generalized solutions, a priori estimates, stability 
estimates, capacity, perimeter, rearrangements. 
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Definitions of solutions of this kind, and other definitions which, a posteriori, turn out to 
be equivalent, have been extensively employed in the study of elliptic Dirichlet problems with 
a right-hand side / affected by low integrability properties. Initiated in |Ma2[ |Ma3j and [St] 
in the linear case, and in jBGll [BG2] in the nonlinear case, this study has been the object of 
several contributions in the last twenty years, including [AM} IBBGGPVl \DaA\ \BM\ IDMOPl 
iDel iLMl IMT1 lM2l IDHM1 iGlSl IFS] . These investigations have pointed out that, when dealing 
with (homogeneous) Dirichlet boundary conditions, existence and uniqueness of solutions can 
be established as soon as / € whatever O is. In fact, the regularity of Q does not play 

any role in this case, the underlying reason being that the level sets of solutions cannot reach 
dfl. 

The situation is different when Neumann boundary conditions are prescribed. Actually, inas- 
much as the boundary of the level sets of solutions and dfl can actually overlap, the geometry of 
the domain fl comes now into play. We shall prove that problem (11.11) is still uniquely solvable, 
provided that the (ir)regularity of fl and the integrability of / are properly balanced. In fact, 
even if / highly integrable, in particular essentially bounded, some regularity on fl has neverthe- 
less to be retained. In the special case when Cl is smooth, or at least with a Lipschitz boundary, 
our results overlap with contributions from |AMSTl IBeGul iDrl iDVl IPol [PrllPTR] . 

Our approach relies upon isocapacitary inequalities, which have recently been shown in [CMlJ 
to provide suitable information on the regularity of the domain £1 in the study of problems of the 
form (jl.ip . In fact, isocapacitary inequalities turn out to be more effective than the more popular 
isoperimetric inequalities in this kind of applications. The use of the standard isoperimetric 
inequality in the study of elliptic Dirichlet problems, and of relative isoperimetric inequalities 
in the study of Neumann problems, was introduced in |Ma21 IMa3] . The isoperimetric inequality 
was also independently employed in |Tal[ ITa2j in the proof of symmetrization principles for 
solutions to Dirichlet problems. Ideas from these papers have been developed in a rich literature, 
including |A1|, IAFLT1 IALT} IKelj . Specific contributions to the study of Neumann problems are 
[AimiP^[Gl2llXF¥llVT^lMSll[M^ . We refer to [Ke2l IT71 IVa] for an exhaustive bibliography 
on these topics. 

The relative isoperimetric inequality in Cl tells us that 

(1.6) \{\E\) < P(E; O) for every measurable set E C tt with \E\ < \Sl\/2, 

where P(E; Cl) denotes the perimeter of a measurable set E relative to CI, and A : [0, |f2|/2] — > 
[0, oo) is the isoperimetric function of fl. 

Replacing the relative perimeter by a suitable p-capacity on the right-hand side of (II. 6p leads 
to the isocapacitary inequality in CI. Such inequality reads 

(1.7) M\ E \) < C p( E , G ) for ever y measurable sets BcGcii with \G\ < \Cl\/2, 

where C P (E, G) is the p-capacity of the condenser {E; G) relative to CI, and u p : [0, |fl[/2] — ► [0, oo] 
is the isocapacitary function of fl. 

Precise definitions concerning perimeter and capacity, together with their properties entering 
in our discussion, are given in Section 12.41 Let us emphasize that although (jl.6p and (|1.7p are 
essentially equivalent for sufficiently smooth domains fl, the isocapacitary inequality (jl.7p offers, 
in general, a finer description of the regularity of bad domains fl. Accordingly, our main results 
will be formulated and proved in terms of the function u p . Their counterparts involving A will be 
derived as corollaries - see Section [5l Special instances of bad domains and data will demonstrate 
that the use of v v instead of A can actually lead to stronger conclusions in connection with 
existence, uniqueness and continuous dependence on the data of solutions to problem (|l.ip . 
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Roughly speaking, the faster the function v p (s) decays to as s — > + , the worse is the 
domain f2, and, obviously, the smaller is q, the worse is /. Accordingly, the spirit of our results 
is that problem (jl.lj) is actually well-posed, provided that v v {s) does not decay to too fast 
as s — > + , depending on how small q is. Our first theorem provides us with conditions for the 
unique solvability (up to additive constants) of (11.11) under the basic assumptions (jl.2j) - (|1.5j) . 

Theorem 1.1 Let f2 be an open connected subset ofW 1 , n>2, having finite measure. Assume 
that f £ L q (£l) for some q £ [1, oo] and satisfies (|1.2|) . Assume that (|1.3|) - (|1.5|) are fulfilled, and 
that either 
(i) 1 < q < oo and 



u p (s) 



a 



(1.8) J \t-t^) ds <oo, 



or 

(ii) q = 1 and 



v p (s) J s 

Then there exists a unique (up to additive constants) approximable solution to problem (|1.1|) . 

The second main result of this paper is concerned with the case when the differential operator 
in (jl.ip is not merely strictly monotone in the sense of (jl.5p . but fulfils the strong monotonicity 
assumption that, for a.e. x E Q, 

( C\£-t]\p if p > 2 

(1.10) [a(x,£)-a(x,rj)] ■ - r]) > { \£ - v \ 2 

for some positive constant C and for £,77 £ M n . In addition to the result of Theorem 11.11 the 
continuous dependence of the solution to (jl.ip with respect to / can be established under the 
reinforcement of (jl.5p given by (jl.lOp . In fact, when (jl.lOp is in force, a partially different 
approach can be employed, which also simplifies the proof of the statement of Theorem 11.11 

Observe that, in particular, assumption (jl.lOp certainly holds provided that, for a.e. x € f2, 
the function a(x, f) = («i(x, f ),..., a n (x, f)) is differentiable with respect to £, vanishes for 
f = 0, and satisfies the ellipticity condition 

n f> 

ij=i ?J 
for some positive constant C. 

Theorem 1.2 Let £1, p, q and f be as in Theorem \l.l[ Assume that (|1.3|) . (|1.4p and (|1.1U|) are 

fulfilled. Assume that either 1 < q < 00 and (jl.8p holds, or q = 1 and (|1.9p holds. 
Then there exists a unique (up to additive constants) approximable solution to problem (jl.ip 
depending continuously on the right-hand side of the equation. Precisely, if g is another function 
from L q (£l) such that ^g{x)dx = 0, and v is the solution to (jl.lj) with f replaced by g, then 



(1.11) || Vn - Vi;||£p-i ( n) < C||/ - <?||£ 9(n) (||/||r«(n) + \\g\\mn)) ^ 



for some constant C depending on p, q and on the left-hand side either of (jl.8p or (jl.9p . Here, 
r = max{j>, 2}. 



5 



Let us notice that the balance condition between q and u p in Theorems [Tj] and [L2] requires 
a separate formulation according to whether q > 1 or q = 1. In fact, assumption (jl,9p is a 
qualified version of the limit as q — > 1 + of (|1.8|) . This is as a consequence of the different a priori 
(and continuous dependence) estimates upon which Theorems 11.11 and 1 1 . 2 1 rely. Actually, L^fi) 
is a borderline space, and when / G L 1 (Q) the natural sharp estimate involves a weak type (i.e. 
Marcinkiewicz) norm of the gradient of the solution u. Instead, when / G L q (Q) with q > 1, a 
strong type (i.e. Lebesgue) norm comes into play in a sharp bound for the gradient of u. This 
gap is intrinsic in the problem, as witnessed by the basic case of the Laplace (or p-Laplace) 
operator in a smooth domain. 

The paper is organized as follows. In Section [2] we collect definitions and basic properties 
concerning functions spaces of measurable (Subsection 12. ip and weakly differentiable functions 
(Subsection 12. 2h . solutions to problem (II. lj) (Subsection 12.31) . perimeter and capacity (Subsec- 
tion [23j). Section [3] is devoted to the proof of Theorem ll.il which is accomplished in Subsection 
13.21 after deriving the necessary a priori estimates in Subsection 13.11 Continuous dependence 
estimates under the strong monotonicity assumption (jl.lOp are established in Subsection 14.11 
of Section they are a key step in the proof of Theorem 11.21 given in Subsection 14.21 Finally, 
Section [5] contains applications of our results to special domains and classes of domains. Ver- 
sions of Theorems 11.11 and 11.21 involving the isoperimetric function are also preliminarily stated. 
With their help, the advantage of the use of isocapacitary inequalities instead of isoperimetric 
inequalities is demonstrated in concrete examples. 

2 Background and preliminaries 

2.1 Rearrangements and rearrangement invariant spaces 

Let us denote by A4(£l) the set of measurable functions in O, and let u G MiQ). The distribution 
function fj, u : [0, oo) — > [0, oo) of u is defined as 

(2.1) /i u (t) = \{xen:\u(x)\>t}\, iort>0. 
The decreasing rearrangement u* : [0, — > [0, oo] of u is given by 

(2.2) u*(s) = sup {t > : /J, u (t) > s}\, for s G [0, 

We also define : [0, — > [0, oo], the increasing rearrangement of u, as 

u*(s) = u*(\£l\- s), for s G [0, 
The operation of decreasing rearrangement is neither additive nor subadditive. However, 

(2.3) (u + v)*(s) < u*(s/2) +v*(s/2), for s G [0, 
for any u, v G and hence, via Young's inequality, 

(2.4) M*00 < u*{s/2)v*{s/2), for s G [0, |fi|]. 

A basic property of rearrangements is the Hardy-Littlewood inequality, which tells us that 

r \n\ r r \n\ 

(2.5) / u*(s)v*(s)ds< \u(x)v(x)\dx< u* (s)v* (s) ds 
Jo Jn Jo 
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for any u, v £ M(£l). 

A rearrangement invariant (r.L, for short) space X(Q) on SI is a Banach function space, in 
the sense of Luxemburg, equipped with a norm || • \\xtn) such that 

(2.6) IMIx(fi) = IMIx(fi) whenever u* = v*. 

Since we are assuming that < oo, any r.i. space X(Q) fulfills 

where the arrow "— stands for continuous embedding. 

Given any r.i. space X(fl), there exists a unique r.i. space X(0, |0|), the representation space 
of X(Q) on (0, |fi|), such that 



( 2 - 7 ) IMU(n) 



u 



\x(p,\n\) 



for every u € X(Q). A characterization of the norm || • ||^ iqq is available (see [BS, Chapter 
2, Theorem 4.10 and subsequent remarks]). However, in our applications, an expression for 
X(0, |0|) will be immediately derived via basic properties of rearrangements. In fact, besides 
the standard Lebesgue spaces, we shall only be concerned with Lorentz and Marcinkiewicz type 
spaces. Recall that, given a, g € (0, oo), the Lorentz space L a ' e (Q) is the set of all functions 
u € Ai(P) such that the quantity 

//•I"! i ds\ l ' e 

(2.8) Hl^(Q)= U (s«u*(s)y-\ 

is finite. The expression || • Hi^.e^) is an (r.i.) norm if and only if 1 < g < a. When a £ (1, oo) 
and g £ [1, oo), it is always equivalent to the norm obtained on replacing u*(s) by - ^u*{r)dr 
on the right-hand side of (|2.8|) ; the space L a ' (O,), endowed with the resulting norm, is an r.i. 
space. Note that L a > a {Q) = L CT (0) for a > 0. Moreover, L a '^(n) C L a ' 02 (n) if gi < g 2 , and, 
since |0| < oo, L ai ^(Vt) C L a2 '^(n) if a x > <J 2 and g%, g% G (0,oo]. 

Let uj : (0, |0|) — > (0, oo) be a bounded non-decreasing function. The Marcinkiewicz space 
M^^l) associated with uj is the set of all functions u E such that the quantity 

(2.9) IMIm^c) = sup lo(s)u*(s) 

se(o,\n\) 



is finite. The expression (|2.9p is equivalent to a norm, which makes M ul {Vt) an r.i. space, if and 
only if sup se(0; | n |) J S j^y < oo . 



2.2 Spaces of Sobolev type 

Given any p € [1, oo], we denote by W 1,p {&) the standard Sobolev space, namely 

W 1 ^^) = {u£ L p {ty : u is weakly differentiable in Q and [V«| € L P (ST)}. 

The space W^(Q) is defined analogously, on replacing L P (Q) by L p oc (Q) on the right-hand side. 
Given any t > 0, let Tt : M — > M. be the function given by 



(2.10) T t (s) 



s if \s\ < t 

t sign(s) if \s\ > t . 



7 



For p G [1, oo], we set 

(2.11) W^' p (17) = {u:ue M(n) and T t (u) G W 1,p (fi) for every t > 0} . 

The space W T ' P 0C (Q) is defined accordingly, on replacing W 1,P (Q) by W l( £(Q) on the right-hand 

side of (|2,lip . If u G W^' p oc (^l), there exists a (unique) measurable function Z u : 17 — > M n such 
that 

(2.12) V(T 4 (u)) = X{|«|<fe}-^u a - e - in 

for every i > [BBGGPV, Lemma 2.1]. Here denotes the characteristic function of the set 
E. One has that u G W"/ ' p (17) if and only if u G W^ p c (17) n Lf oc (0) and Z u G L p c (17,IR n ), and, 
in this case, Z u = Vu. An analogous property holds provided that "loc" is dropped everywhere. 
In what follows, with abuse of notation, for every u G W T 'f 0C (Q) we denote Z u by Vw. 
Given p G (0, oo], define 

V^ p {fl) = {« : u G W^lJp) and l Vn l € L p (n)} . 

Note that, if p > 1, then 

lA p (Q) = {n : u G ^(17) and |V«| G L p (17)} , 

a customary space of weakly differentiable functions. Moreover, if p > 1, the set 17 is connected, 
and B is any ball such that L? C 17, then V 1,P (Q) is a Banach space equipped with the norm 

II" II v = IMIlp(b) + ||V«||£P(n). 

Note that, replacing B by another ball results an equivalent norm. The topological dual of 
V 1 *^) will be denoted by (V 1 *^))'. 

Given any ball B as above, define the subspace V^' p (17) of V l,p (£l) as 



V^' p (17) = |« G F 1,p (17) : y udx = o| 



Proposition 2.1 Lei j> G [l,oo]. Let Q be a connected open set in 1" having finite measure, 
and let B be any ball such that B C 17. TTien i/ie quantity 

( 2 - 13 ) IMIv^n) = ll Vn llif(n) 

defines a norm in Vg P (Q) equivalent to \\ ■ ||yi,p(n). Moreover, if p G (l,oo), i/ien V^' p (17), 
equipped with this norm, is a separable and reflexive Banach space. 

Proof, sketched. The only nontrivial property that has to be checked in order to show that 
|| • ||yi,P(Q) is actually a norm is the fact that ||ii||yi,p^ = only if u = 0. This is a consequence of 

the Poincare type inequality which tells us that, for every smooth open set 17' such that B C 17' 
and IT 7 C 17, 

(2-14) IMIlp^') < C\\Vu\\ LP (n>) 

for some constant C = C(p, 17', \B\) and for every u G V^,' p (17) (see e.g. [Zi* Chapter 4]). The 
same inequality plays a role in showing that Vg' p (17), equipped with the norm || • ||yi.P(Q), is 

complete. When p G (1, oo), the separability and the reflexivity of V^' p (17) follow via the same 
argument as for the standard Sobolev space P^ 1,p (17), on making use of the fact that the map 
L : V^' p (17) -> (L p (17)) n given by Lu = Vu is an isometry of V^' p (17) into (L p (17)) n , and that 
(L p (17)) n is a separable and reflexive Banach space. 
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2.3 Solutions 

When / G (F 1,p (f2))', and (|1.2p - (|1.4p are in force, a standard notion of solution to problem (jl.lj) 
is that of weak solution. Recall that a function u G V l ' p {^l) is called a weak solution to (jl.ip if 

(2.15) / a(x, Vu) • V$dx = / for every $ G V 1 *^). 

An application of the Browder-Minthy theory for monotone operators, resting upon Proposition 
12.11 yields the following existence and uniqueness result. The proof can be accomplished along 
the same lines as in \Ze\ Porposition 26.12 and Corollary 26.13]. We omit the details for brevity. 

Proposition 2.2 Let p G (1, oo) and let £1 be a bounded connected open set in IR n having finite 
measure. If f G (V 1,p (£l))', then under assumptions (|1.2p - (jl.5p there exists a unique (up to 
additive constants) weak solution u G V 1,P (Q) to problem (jl.ip . 

The definition of weak solution does not fit the case when / ^ (V ' P (Q))', since the right-hand 
side of (I2.15|) need not be well-defined. This difficulty can be circumvented on restricting the 
class of test functions <i> to H^ 1 '°°(J1), for instance. This leads to a counterpart, in the Neumann 
problem setting, of the classical definition of solution to the Dirichlet problem in the sense of 
distributions. It is however well-known [Sej that such a class of test functions may be too poor 
for the solution to be uniquely determined, even under an appropriate monotonicity assumption 
as (fL5|) . 

In order to overcome this drawback, we adopt a definition of solution, in the spirit e.g. of 
|DaA| and [DM] , obtained in the limit from solutions to approximating problems with regular 
right-hand sides. The idea behind such a definition is that the additional requirement of being 
approximated by solutions to regular problems identifies a distinguished proper distributional 
solution to problem (jl.ip . Specifically, if f2 is an open set in M n having finite measure, and 
/ G L q (Q) for some q G [1, oo] and fulfills (|1.2j) . then a function u G V ,p (fl) will be called an 
approximate solution to problem (jl.ip under assumptions (|1.3p and (|1.4p if: 

(i) 

(2.16) / a(x,Vu) • V$dx = / f$dx for every $ G W X '°°{Si), 
Jn Jn 

and 

(ii) a sequence {f k } C L q (9,) n (F 1 ' p (0))' exists such that j n fk{x)dx = for k G N, 

f k - / in Lff(J2), 

and the sequence of weak solutions {uk} C V 1,p (fL) to problem (jl.ip . with / replaced by fk, 
satisfies 

Uk — ► u a.e. in fi. 

A few brief comments about this definition are in order. Customary counterparts of such a 
definition for Dirichlet problems jDaAj IDM] just amount to (a suitable version of) property (ii). 
Actually, the existence of a generalized gradient of the limit function u, in the sense of (j2.12p . 
and the fact that u is a distributional solution directly follow from analogous properties of the 
approximating solutions Uk- This is due to the fact that, whenever / G L 1 (0), a priori estimates 
in suitable Lebesgue spaces for the gradient of approximating solutions to homogeneous Dirichlet 
problems are available, irrespective of whether f2 is regular or not. As a consequence, one can 
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pass to the limit in the equations fulfilled by Uk, and hence infer that u is a distributional 
solution to the original Dirichlet problem. When Neumann problems are taken into account, 
the existence of a generalized gradient of u and the validity of (i) is not guaranteed anymore, 
inasmuch as a priori estimates for |Vufc| depend on the regularity of O. The membership of u in 
V 1 ' P ~ 1 (Q) and equation (i) have consequently to be included as part of the definition of solution. 

Let us also mention that the definition of approximable solution can be shown to be equivalent 
to other definitions patterned on those of entropy solution [BBGGPV] and of renormalized 
solution [LM] given for Dirichlet problems. 

2.4 Perimeter and capacity 

The isoperimetric function A : [0, |f2|/2] —* [0, oo) of 0, is defined as 

(2.17) A(s) = mi{P(E, n):s<\E\< |«|/2} for s G [0, |0|/2] . 

Here, P(E;Q) is the perimeter of E relative to Q, which agrees with Ti n ~ 1 (d M E n f2), where 
H n-1 denotes the (n — l)-dimensional Hausdorff measure, and d M E stands for the essential 
boundary of E (see e.g. |AFPj IMa4] ). 

The relative isoperimetric inequality (jl.6l) is a straightforward consequence of definition 
(|2.17p . On the other hand, the isoperimetric function A is known only for very special domains, 
such as balls [Ma4, BuZa] and convex cones |LP] . However, various qualitative and quantitative 
properties of A have been investigated, in view of applications to Sobolev inequalities [HK, 
IMaTl [Mail IMP] , eigenvalue estimates [Chi ICi2llGa] . a priori bounds for solutions to Neumann 
problems (see the references in Section [1]) . 

In particular, the function A is known to be strictly positive in (0, |^|/2] when f2 is connected 
[Ma4[ Lemma 3.2.4]. Moreover, the asymptotic behavior of A(s) as s — > + depends on the 
regularity of the boundary of £1. For instance, if Q has a Lipschitz boundary, then 

(2.18) X(s) « s 1/n ' as s -> 0+ 

[Ma4[ Corollary 3.2.1/3]. Here, and in what follows, the relation ~ between two quantities 
means that the relevant quantities are bounded by each other up to multiplicative constants. 
The asymptotic behavior of the function A for sets having an Holder continuous boundary in 
the plane was established in [Cilj . More general results for sets in W 1 whose boundary has an 
arbitrary modulus of continuity follow from [La| . Finer asymptotic estimates for A can be derived 
under additional assumptions on dQ (see e.g. \CY\ ICi3] ). 

The approach of the present paper relies upon estimates for the Lebesgue measure of subsets 
of Q via their relative condenser capacity instead of their relative perimeter. Recall that the 
standard p-capacity of a set E C O, can be defined for p > 1 as 

(2.19) C P (E) = inf |y | Vu\ p dx : u G wl' p {Q), u > 1 in some neighbourhood of e\ , 

where TVq' p (0) denotes the closure in W 1,p (£l) of the set of smooth compactly supported func- 
tions in O. A property concerning the pointwise behavior of functions is said to hold C p -quasi 
everywhere in Q, C p -q.e. for short, if it is fulfilled outside a set of p-capacity zero. 
Each function u G W 1,P (Q) has a representative u, called the precise representative, which is 
Cp-quasi continuous, in the sense that for every e > 0, there exists a set A C fi, with C P {A) < e, 
such that f\Q\A is continuous in f2\A The function u is unique, up to subsets of p-capacity zero. 
In what follows, we assume that any function u G W 1,P (Q) agrees with its precise representative. 
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A standard result in the theory of capacity tells us that, for every set E C £1, 

(2.20) C P (E) = inf I J \Vu\ p dx : u € W^ p {VL),u > 1 C p -q.e. in #j 

- see e.g. [Dal Proposition 12.4] or (MS Corollary 2.25]. In the light of (l230|) . we adopt the 
following definition of capacity of a condenser. Given sets i? C G C SI, the capacity C P (E, G) of 
the condenser (E, G) relative to f2 is defined as 
(2.21) 

C P (E, G) = inf jy \Vu\ p dx : u £ W l > p {£l), u > 1 Cp-q.e. in E and -u < C p -q.e. in Q \ c| . 

Accordingly, the p-isocapacitary function z/ p : [0, |f&|/2) — > [0, oo) of O is given by 

(2.22) fp(s) = inf {C p (-E, G) : and G are measurable subsets of O such that 

E C G C O, s < \E\ and |G| < \Q\/2} for s G [0, |0|/2). 

The function z/ p is clearly non-decreasing. In what follows, we shall always deal with the left- 
continuous representative of u p , which, owing to the monotonicity of u p , is pointwise dominated 
by the right-hand side of (pT22|) . 

The isocapacitary inequality (|1.7p immediately follows from definition (|2.22p . The point is 
again to get information about the behavior of v p {s) as s — > + . Such a behavior is known 
to related, for instance, to validity of Sobolev embeddings for V 1,P (Q) - sec [Ma4. IMP] , where 
further results concerning v p can also be found. In particular, a slight variant of the results of 
[MPl Section 8.5] tells us that 

(2.23) V 1 *^) -> L CT (0) 
if and only if either 1 < p < a < oo and 

(2.24) sup — ^— < oo , 

o<s<\n\/2 Vp{s) 

or 1 < a < p and 

/•PI/2 / p/a \ ^ d 
2.25 / l— n ) -<oo. 

Jo W s )/ s 

As far as relations between A and v p are concerned, given any connected open set £l with 
finite measure one has that 

(2.26) ui(s) « A(s), ass^0 + , 

as shown by an easy variant of [Ma4, Lemma 2.2.5]. When p > 1, the functions A and f p are 
related by 

/ ,[01/2 d \1-P 

(2.27) ^(s) > f J j^y) , for a 6 (0, |fi|/2) 

[Ma4l Proposition 4.3.4/1]. Hence, in particular, v p is strictly positive in (0, |^|/2) for every 
connected open set having finite measure, and 

(2.28) lim vJs) = oo . 

s-*\n\/2- p 
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A reverse inequality in (|2.27p does not hold in general, even up to a multiplicative constant. 
This accounts for the fact that the results on problem (jl.ip which can be derived in terms of 
Up are stronger, in general, than those resting upon A. However, the two sides of (|2.27j) are 
equivalent when $7 is sufficiently regular. This is the case, for instance, if £1 is bounded and has 
a Lipschitz boundary. In this case, combining (12.180 and (I2.27|) . and choosing small concentric 
balls as sets E and G to estimate the right-hand side in definition (|2.22p easily show that 

n — p 

(2.29) v p (s) ps s~ as s -» 0+ , 
if p € [1, n), whereas 

/ 1 \ 1— n 

(2.30) u n (s) w log - as s -> 0+ . 



3 Strictly monotone operators 
3.1 A priori estimates 

In view of their use in the proofs of Theorems 11.11 and 11.21 we collect here a priori estimates for 
the solution u to problem (jl.ip and for its gradient Vii, under assumptions (|1.3p ~ (|1.5p . Both 
pointwise estimates for their decreasing rearrangements, and norm estimates are presented. Our 
results are stated for weak solutions to under the assumption that / € (V 1,P (Q))' , this 

being sufficient for them to be applied to the approximating problems. We emphasize, however, 
that these results continue to hold for approximable solutions when / ^ (V 1,p (ft)y , as it is 
easily shown on adapting the approximation arguments that will be exploited in the proof of 
Theorem I l.li Thus, the results of the present section can also be regarded as regularity results 
for approximable solutions to problem (jl.ip . 

We begin with estimates for u, which are contained in Theorems 13. II and 13.21 below. In what 
follows, we set 

(3.1) med(u) = sup{t £l: \{u > t}\ > |fi|/2} , 
the median of u. Hence, if 

(3.2) med(u) = , 
then 



(3.3) \{u > 0}| < \n\/2 and \{u < 0}| < |fi|/2 . 

Moreover, we adopt the notation u + = \ u ^ u and n_ = - for the positive and the negative 
part of a function u, respectively. 

Theorem 3.1 Let O, p and a be as in Theorem Assume that f G L 1 (J7) n (V 1,P (Q))' and 
fulfills (|1.2p . Let u be the weak solution to problem (jl.ip such that med(n) = 0. Then 

/ i |nj/2 / pT \ — — 1 

(3.4) t4( s )< J ' (^^ fl(p)d P y d(-Du^)(r), forse(0,\n\/2). 

i i 
Here, Dup~ p denotes the derivative in the sense of measures of the non-increasing function Vp~ v . 
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Theorem 3.2 Let Q, p and a be as in Theorem [7771 Assume that f G L q (Vt) n (V rl,p (n)) / 
for some q G [1, oo] and fulfills (jl.2p , Ze£ n 6e i/ie weaA; solution to problem (jl.ip snc/i i/iai 
med(n) = 0. Let o~ G (0,oo). Then, there exists a constant C such that 

(3-5) ||u|| M(n) < C||/|||^ Q) , 

if either 

(i) 1 < q < oo, g(p — 1) < a < oo and 

p-i | i 

(3.6) sup 7-r— < oo , 

0<s<|H|/2 y p( s ) 

or 

(ii) 1 < q < oo, < a < q(p — 1) and 



v p {s) 



"l«l/2 / s \ q (p-l)-c 

(3.7) / — - ds < oo , 



or 

(Hi) < a < 1, q = oo and 



/■|n|/a . 

(3.8) / (^V^d^oo. 

Jo v ^ P (s)/ 



Moreover the constant C in (|3.5p depends only on p, q, a and on the left-hand side either of 
(|3.6p . or (|3.7p . or (|3.8p . respectively. 



Theorem 13. II is proved in [CMlj. Theorem 13.21 can be derived from Theorem 13. 11 via suitable 
weighted Hardy type inequalities. In particular, a proof of cases (i) and (ii) can be found in 
[CM1, Theorem 4.1]. Case (Hi) follows from case (vi) of |CM1[ Theorem 4.1], via a weighted 
Hardy type inequality for nonincreasing functions [HM|, Theorem 3.2 (b)]. 

We are now concerned with gradient estimates. A counterpart of Theorem 13. II for |Vn| is the 
content of the next result. 

Theorem 3.3 Let Q, p and a be as in Theorem [777J Assume that f G L 1 (J7) n (V 1 ' P (Q))' and 
fulfills (jl.2p . Let u be the weak solution to (jl.ip satisfying med(u) = 0. Then 

(2 fi^i/ 2 f r \ p ' -j- \p 

(3.9) |V«±|*(a) < ( -J s iyJ o f±(p)dpj d(-Dut P )(r)J for s G (0, |0|). 

The proof of Theorem 13.31 combines lower and upper estimates for the integral of |Vn| p_1 
over the boundary of the level sets of u. The relevant lower estimate involves the isocapacitary 
function v p . Given u G V 1,p (il), we define ip u : [0, 00) — ► [0, 00) as 

f* dr 

(3.10) ip u (t)= / 777— rr fort>0. 







As a consequence of jMa4[ Lemma 2.2.2/1], one has that 

(3.11) C p ({u > t}, {u > 0}) < V«(*) 1_p for t > 0. 
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Thus, if u G V 1,P (Q) and fulfils (|3.2[) . then on estimating the infimum on the right-hand side of 
(|2,22p by the choice E = {u± > t} and G = {u± > 0}, and on making use of (|3.1ip applied 
with u replaced by u+ and u_, we deduce that 

(3.12) M\{u± >t}\) < ipujt) 1 -? fort>0. 

The upper estimate is contained in the following lemma from [CMlj, a version for Neumann 
problems of a result of [Ma3l FI5HFI52] . 



Lemma 3.4 Under the same assumptions as in Theorem \3.1\ 

(3.13) / \Vu\ p - l dU n - l {x) < f±{r)dr fora.e.t>0. 

J{u±=t} JO 

Proof of Theorem 13.31 We shall prove (|3.9p for u + , the proof for u- being analogous. Consider 
the function U : (0, [fi|/2] — > [0, oo) given by 

(3.14) 17(a) = J \Vu + \ p dx, for s G (0, \Sl\/2]. 

J {u+<u* + (s)} 

Since u G W 1,P (Q), the function u*> is locally absolutely continuous (a.c, for short) in (0, |0|/2) 
- see e.g. [CEGj . Lemma 6.6. The function 



(0,oo) 3 t h-> / \Vu + \ p dx 

J{u + <t} 

is also locally a.c, inasmuch as, by coarea formula 



(3.15) / \Vu + \ p dx = [ [ \Vu + \ p - 1 dH n ' 1 {x)dT, for t > 0. 

J{u + <i} JO J{u+=r} 

Thus, U is locally a.c, for it is the composition of monotone a.c. functions, and by (|3,15p 

(3.16) U'(s) = -u* + '(s) f iVu+l^dH 71 ' 1 ^), for a.c s G (0, |fi|/2). 

J{u + =u* + (s)} 

Similarly, the function 

(0,|fi|/2) 9s^^«( S )), 
where ip u+ is defined as in (|3.10p . is locally a.c, and 

(3.17) {M<m= |V ^;_ W „_ 1(I) fora.e. se( 0, W 2,. 

J {«+ =«+(»)} 1+1 V > 

Let us set 

W{s) = ^ {^ u+ (u\(s))) for a.e. s G (0, |fi|/2). 

From ([HJSD , ([3TT71) and (f37[3j) . we obtain that 

(3.18) - U'{s) < W(s) /;(r) dr^) , for a.e. s G (0, |J2|/2). 
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Note that in deriving (|3,18p we have made use of the fact that p u+ (u+(s)) = s if s does not 
belong to any interval where u* + is constant, and that u* + ' = in any such interval. Since 
ip u+ {u* + {\VL\/2)) = V>u+(0) = 0, from (l3TT2j) we obtain that 
(3.19) 

-|0|/2 _j_ r\n\/2 _j_ 

W{r)dr = i) u+ {u* + {s))<vl > - p {s)= d(-D^- p )(r), for s G (0, |0|/2) . 



Owing to Hardy's lemma (see e.g. \BS\ Chapter 2, Proposition 3.6]), inequality (|3.19p entails 
that 

r\n\/2 AQ\/2 _J_ 

(3.20) / (f>(r)W(r)dr < / (f>(r)d(-Dvp- p )(r) 

Jo Jo 

for every non-decreasing function <j) : (0, |f)|/2) — > [0, oo). In particular, fixed any such function 
<f), we have that 

(3.21) J <Kr)[j f%(p)dp\ W{r)dr<j^ <(>(r) U f*(p) dp) d(-Du^){r). 
Coupling flUED and (pmj) yields 

r\Q.\/2 r\U\/2 / rr \p' l 

(3.22) J -U'(r)<p(r)dr< J <t>(r) U fl(p) dp) d(-Dv^){r). 

Next note that 

r \a\/2 r r\Q\/2 

(3.23) / -U'(r)dr = U(s) = \Vu + \ p dx > \Vu + \*(r) p dr 

JS J {U-f-<U* (s)} Js 

for s G (0, |fl|/2), where the inequality follows from the first inequality in (|2.5p and from the 
inequality |{0 < u + < u*^_(s)}\ > |fi|/2 — s. Inequality (|3.23p . via Hardy's lemma again, ensures 
that 

r\n\/2 /*|n[/2 

(3.24) / \Vu+\*{r) p <f>(r)dr < / -U\r)<j)(r)dr . 



Fixed any s G (0, |fl|/2), we infer from ([3T22]) and (pT23|) that 

(3.25) |Vu ± |*(s) p f 0(r)dr < <f>(r) ( f f±(p)dpY d{-Dup){r). 



Inequality (|3.9p follows from (13. 25ft on choosing <p = X[«/2,|fi|/2b n 

Estimates for Lebesgue norms of |Vu| are provided by the next result. 

Theorem 3.5 Let Q, p and a be as in Theorem li.il Assume that f G L q {Q) n {V 1,P {Q))' for 
some q G [l,oo] and fulfills ()1 .2[) . Let u be a weak solution to problem (jl.ip . Let < a < p. 
Then there exists a constant C such that 

(3-26) ||V«||^ ( n) < C||/||^ n) , 

if either 
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(i) q > 1, q(p — 1) < a and 



l i p(p-i) V 
S " q 

(3.27) sup j— s < oo . 

0<S< BL M s ) 

or 

(ii) 1 < q < oo, < a < q(p — 1) and 

\Q\/2 
\M S ) 



, . S \ p[9<P-1)-ct] 

(3.28) / — T ds < oo , 



or 

(Hi) q = oo and 



|Q|/2 



s 



(3.29) / (— T )*^ds<oo J 

Jo \v P ( s ) J 

or 

(iv) q = 1 and 

(3.30) / — - P{P 1} < oo . 



JO Nl/ p( s )^ SP- 1 

Moreover the constant C in (|3.26p depends only on p, q, a and on the left-hand side either of 
(|337> . or (pLZED , or or (|3T30> . respectively. 

Cases (i)-(iii) of Theorem [33] are proved in |CMll Theorem 5.1]; an alternative proof can be 
given by an argument analogous to that of Theorem 14. 1\ Section 0] Case (iv) is a straightforward 
consequence of the following proposition. 

Proposition 3.6 Let Q,, p and a be as in Theorem \l.ll Assume that f £ L 1 ^) n (V 1,p (Q)y 
and fulfills (|1.2p . Le£ u be a weak solution to (jl.ip . Le£ w p : (0, |fi|) — > [0, oo) be the function 
defined by 

(3.31) tv p (s) = (sv p ^(s /2))p, for s £ (0, 

T/ien i/iere exists a constant C = C(p,n) such that 

(3-32) l|Vn|| Mwp(n ) < C||/||£[ n) , 

where M Wp (S7) is the Marcinkiewicz space defined as in (12. 9p 

Proof. If it is normalized in such a way that med(u) = 0, by estimate (13. 9p one gets that 

_L_ / 2 /.|fi|/2 _L \p ! _J_ /l J_ \i 

|V«±rW < ||/±||£? n) I - y s d(-i^- p )(r)J < 25||/±||^ n) (^-^( S /2)J 

for s G (0, |0|). Inequality (1332"]) follows. □ 
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Let us note that Theorem 13,31 can also be used to provide a further alternate proof of Cases 
(i)-(iii) of Theorem 13.51 when a < p. In fact, these cases are special instances of Theorem 13.91 
below, dealing with a priori estimates for Lorentz norms of the gradient. Theorem 13.91 in turn 
rests upon the following corollary of Theorem [37 



Corollary 3.7 Let £1, p and a be as in Theorem Let X(£l) be an r.i. space and let f G 
X(£2) n (V 1,p (£l))' . Let u be a weak solution to problem (jl.ip . Assume that Y(Q) is an r.i. space 
such that 



(3.33) 



a] 



i— p ' 



Hp) dp d(-Du;- p )(r) 



< c\ 



1 

'x(o,|fi|)' 



y(o,|n|) 



for some constant C and every nonnegative and non-increasing function <fr G X(0, Then 
there exists a constant C\ = C\(C) such that 



(3.34) 



|Vn| 



1 

p-1 



Proof. Inequality (|3.34|) immediatly follows from (|3.9|) . (|3.33|) and the fact that the dilation 
operator H defined on any function (j> £ M.(0, |0|) by 

H(j){s) = 0(s/2), for s G (0, |0|), 

is bounded in any r.i. space on (0, |0|) (see e.g. |BS1 Chapter 3, Proposition 5.11]). □ 



Remark 3.8 If X(Q) is such that the Hardy type inequality 



(3.35) 



<j)(r)dr 



X(0,\U\) 



x{o,\n\) 



holds every nonnegative and non- increasing function <f> G X(0, |f2|) and for some constant C2, 
and 



(3.36) 



'1 rM 1 

<P(r) p 'r p 'd(-D^- p )(r) 



<C 3 



1 

p-i 

x(o,\n\y 



Y(o,\n\) 



for some constant C3 and every (j> as above, then (|3.34p holds with C\ = Ci{C2,C 3 ). Indeed, 
if ()3.36p is in force, then (j3.33j) holds with <p replaced by ~ 4>(r)dr on the right-hand side. 
Inequality (|3.34p then follows via (|3.35|) . 

Theorem 3.9 Let 0,, p and a be as in Theorem \l.l\ Let 0<cr<p, 1 < q < 00, < 7, g < 00. 
Let f G L <? 'p- I (r2) n (V 1,P (Q))' and let u be a weak solution to problem (jl.ip . Then there exists 
a constant C such that 



(3.37) 



\\Vu\\ Lt r, s{Q) < C\\f\r q \ , 



if either 
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(i) 7 < Q and 



l I P(P-1) £ 
S CT 9 



(3.38) sup j-r < oo 



v p (s) 



or 

(ii) 7 > £» and 

(3.39) / — -<oo. 

Jo V v P ( s ) J s 

Moreover the constant C in (13.371) depends only on p, q, a, q, 7 and on the left-hand side either 
of (|3.38p or (|3.39p . respectively. 

The proof of Theorem 13.91 relies upon Corollary 13.71 and on a characterization of weighted 
one-dimensional Hardy-type inequalities for non-increasing functions established in [GoJ. The 
arguments to be used are similar to those exploited in the proof of [CM1, Theorem 4.1]. The 
details are omitted for brevity. 

3.2 Proof of Theorem [TTT1 

A key step in our proof of Theorem 11.11 is the following uniform integrability result for the 
gradient of weak solutions to (jl.ip with / £ (V ,P (Q))', which relies upon Theorem 13.31 

Lemma 3.10 Let Q,, p and a be as in Theorem [7771 Assume that f £ L q {Q) n (V 1,P (Q)Y for 
some q £ [l,oo] and fulfills (II. 2)1 . T/ien i/iere existe a function q : (0, 00) — > [0, 00), depending 
on Q, p and q, satisfying 

(3.40) lim da) = , 

and such that, if u is a weak solution to (11. lj) satisfying (13. 2j) . then 
(3-41) j [Vu+rUx < d\F\) ||/ ± ||x« ( n) 

/or every measurable set F C O. 

Proof. By the Hardy-Littlewood inequality (|2.5h and Theorem 13.31 we have that 



(3.42) 



/ |Vu±| p_1 da; < /' F| |V«±r(a) p_1 dfl 



,|F|/2 / 1 ,[n|/2 / ,r \y _J_ \ ^ 

- Jo W. \l mP)dp ) A ~ DV% )(r) ) dS 
^2^^ Ujf U &{p)dp\ d(-Du^)(r)j ds 
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Assume first that 1 < q < oo and (jl.8p is in force. Let us preliminarily observe that 



(3.43) lim — - ) p 8 = 0, 



since 



r \"p, 1 — 7 P S P 



, P dr> r / r~dr = — r for s G (0, IOI/2) 

u pv ; ^p(s) p u * f p (s) p 



Consider the second addend on the rightmost side of (|3,42p . We claim that there exists a function 
K : (0, 00) —s- [0, 00) such that 

(3.44) lim s 1/p k(s) = , 

s— >0+ 



and 



/ r \Sl\/2 / rr \P' _j_ \ jr 

(3-45) (J (/ f±(p)dp) d(-D^-")(r)j < ||w( 0) |n|/2) • 

To verify this claim, assume first that p' > By a weighted Hardy inequality [Ma4, Section 
1.3], inequality (|3.45jl holds with 



1 



(3.46) k{s) = C sup u p {r)- 1/p r 

s<r<\tt\/2 

for some constant C = C(p,q). Moreover, k fulfils (|3.44f) . since 

(3.47) lim s 1 ^ sup u p (r)-^ p r7 = . 

s ~>0 + s<r<\Q\/2 

Indeed, equation (|3.47[) holds trivially if sup v v (r)~ x l p r 7 < 00. If this is not the case, then 

0<r<|Q|/2 

for each s G (0, |H|/2) define 

r(s) = inf \r G [s, \Q\/2] : 2v p {r)~ l ' p r7 > sup v P (p)~ 1/p p? } 

s<P<M/2 J 

and observe that the function r(s) converges monotonically to as s goes to 0, and that 

(3.48) lim (s 1 ^ sup v p (r)-^ p r7) < 2 lim s 1 l p v p {r{s))- 1 / p r{s)V 

s-»0+ V s<r<\Q\/2 ' ^0+ 

<2 lim (^fL)V( s )Va' = , 

by (BD - 

Consider next the case when p' < q. An appropriate weighted Hardy inequality [Ma4, Section 
1.3] now tells us that inequality (|3.45p holds with 

(3.49) k{s) = C[ (r*=* X(s,\n\/2)(p) d (- D ^p P )(p)) dr 
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for some constant C = C(p,q). Here, the exponents and ^S- are replaced by 1 and -7, 
respectively, when q = 00. We have that 



(3.50) k(s) = C\ I [rp- 1 Vp{s) J -p J 9-p' cfr + / (r p- 1 f p (r) i-p J dr 



Q-P 



Thus, 



V ^p(s) y S <r<|H|/2 WO 7 \M r )J 

and hence fulfils (|3.44|) also in this case, by (|3.43p . by (|1.8j) and by the fact that 

q> 

lim 8 Vpf sup f-^-V) =0, 

as an analogous argument as in the proof of (|3.48p shows. 

We have thus proved that 

(3.52) 

Sl/P (/' Q|/2 (X f^P) d pJ d (- Du ^)^Y ^ <\ E \) ll/±IU«(o,|n|/2) for s G (0,|O|/2), 

for some function ? as in the statement. 

Let us now take into account the first addend on the rightmost side of (|3.42p . We shall show 
that 



(3.53) / r-VP'l / r ± *(pfpP'd(-D^-n( P )y dr 



< C^j* (^yj) ' *) F H/± h«(o,s) for s G (0, |n|/2), 



for some constant C = C(p,q). It suffices to establish ()3.53j) for some fixed number s, say 1, since 
the general case then follows by scaling. As a consequence of \Go\ Theorem 1.1 and Remark 1.4], 
the inequality 

(3.54) (J'HpY' fd(-Du^)(j>)Y dr < C|M| M (o,i) 

holds for every nonnegative non-increasing function cj> in (0, 1) if 

i , , 1 ,1 „ _/ ,1 

1 / rr / , rr / a \— W _ 1 \« , \ i 7 
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Moreover, the constant C on the right-hand side of (|3.54p does not exceed the integral on the 
left-hand side of (|3,55p (up to a multiplicative constant depending on p and q). Thus, inequality 
(|3.53|) will follow if we show that 

(3 - 56) [ (I (^w* + f, {^)f dS Y^f-" dr £ c !l G^y) '*• 

for some constant C = C(p,q). The standard Hardy inequality entails that 
for some constant C = C(q). Thus, it only remains to prove that 

(3 - 58) I (HI {mf* T ~** - c /o" (wif dr ' 

for some constant C = C(p,q). Consider first the case when p < q. By a Hardy type inequality 
again, we have that 

(3 - 59) [(L{fAw^ m f^ ip Y^ ir 

On the other hand, since v p is a non-increasing function, by [Got Theorem 1.1 and Remark 1.4], 
the right-hand side of (|3.59|) does not exceed the right-hand side of (|3.58p . and hence (|3.58|) 
follows. Assume now that p > q. Then 



(3.60) 




for some constant C = C(p,q), where the last inequality holds by the Hardy inequality. Inequality 
(I3.58j) is established also in this case. Thus, inequality (|3.56j) . and hence (|3.53j) . is fully proved. 
Combining (|3.42p , (|3.52p and (|3.53p , and making use of the fact that 

ll/±*IU?(o,s) - C||/±IIm(o,s) 

for some constant C = C(q), by the Hardy inequality, conclude the proof in the case when 
1 < q < oo. 
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Let us finally focus on the case when q = 1. The counterpart of (|3.43[) is now 

(3.61) lim = 0. 

s^0+ Vp\S) 

Inequality (|3.45p holds with 

(3.62) k{s) = Cv p {s)- 1/p , 

and hence, by (|3.61|) . the function n fulfils (|3.44|) . Inequality (|3.52|) is thus established. On the 
other hand, 

(3.63) jf r-W ( f fl*(pf/d(-Dvp')(p)\ 7 dr 



i 

£ ll/:UI/..n.i-l 2, / r W ( I d{-Dvp){ P )Y dr 



l/p ( 

< ll/illiifojni/a) / — rr — • 
Jo W( r )/ r 

The conclusion follows via (|3.42p . (|3.52p and (|3.63j) . □ 



We are now ready to prove Theorem 11.11 

Proof of Theorem 11.11 Our assumptions ensure that a sequence {/&} C L q (£l) n (V 1,p (£l))' 
exists such that 

(3.64) / fc - / in L'(n) 
and 

(3.65) f k dx = for A; 6 N. 

Indeed, if 1 < g < oo, any sequence {/&} of continuous compactly supported functions fulfilling 
(|3.64|) and (|3.65|) does the job; when q = oo, it suffices to take fj. = f for k £ N, since 
V 1,P (Q) — > L x (r2) provided that (jl.9p is in force, by (|2.25p . We may also clearly assume that 

(3-66) ||/fc|U«(n) <2||/|U 3( n), for k E N. 

By Proposition 12.21 f° r each k € N there exists an unique weak solution u k £ y 1,p (f2) to the 
problem 



(3.67) 



-div(a(x, Vitfc)) = f k (x) in 
a(x, Vnfc) • n = on 50 



fulfilling 

(3.68) med(u fc ) = 0. 
Hence, 

(3.69) / a(x,S/u k ) -V<S>dx = / f k §dx, 
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for every $ G 1/ I>p (f2). 

We split the proof of the existence of an approximable solution to (jl.ip in steps. The outline 
of the argument is related to that of [BBGGPVt IDMUPj . 

Step 1. There exists a measurable function u : 0, — > M. such that 

(3.70) Uk — > u a.e. in Q, 

up to subsequences. Hence, property (ii) of the definition of approximable solution holds. 
Given any t, r > 0, one has that 

(3.71) \{\u k ~ Um\ > r}\ < \{\u k \ > 01 + \{\u m \ > 01 + \{\Tt{u k ) - T t {u m )\ > r}|, 
for A;, to G N. By ([31} and (1336]) . 

(3.72) ( Uk )* ± (s) < u p (s)^\\(f k ) ± \\^l n) < 2^\n\^u p (a)^\\f\\^ n) for s G (0, |fi|/2), 
and for k G N, whence 

(3-73) MK)± (t) < I/" 1 ^ 2 l°l 7 j)/ll^(") j > for t > 0j 

and for A; G N. Here, f" 1 denotes the generalized left-continuous inverse of u p . Thus, fixed any 
e > 0, the number t can be chosen so large that 

(3.74) \{\uk\ > t}\ < e and |{|u m | > 01 < e - 
Next, fix any smooth open set S] E CC O such that 

(3.75) |«\n e |<e. 

On choosing $ = Tt(uk) in (|3.69p and making use of (|3.66p we obtain that 



i 



(3.76) / \VT t (u k )\ p dx = / \Vu k \ p dx< / a(x, Vu k ) ■ Vu k dx < 2i|Q|7 ||/|| L , (n) , 

for A; G N. In particular the sequence {Tt(u k )} is bounded in W 1,P (Q E ). By the compact em- 
bedding of W 1,p {Vt e ) into L P (S\), T t (u k ) converges (up to subsequences) to some function in 
L P (Q £ ). In particular, {T t (u k )} is a Cauchy sequence in measure in Q £ . Thus, 

(3.77) \{\T t (u k ) - T t (u m )\ > t}\ < |fl \ Q e \ + |0 £ n {\T t (u k ) - T t {u rn )\ > r}\ < 2e 

provided that k and m are sufficiently large. By (|3.7ip . (|3.74p and (|3.77p . {u k } is (up to sub- 
sequences) a Cauchy sequence in measure in O, and hence there exists a measurable function 
u : n -> R such that (I377D]) holds. 

Step 2. 

(3.78) {Vufc} is a Cauchy sequence in measure. 
Given any t, r, S > 0, we have that 

(3.79) \{\Vu k - Vu rn \ > 01 < |{|Vufc| > t}\ + |{|Vn m | > r}| + - u m \ > S}\ 

+ |{K - w m | < 5, \Vu k \ < r, |Vu m | < r, |Vu fc - Vu m | > 01, 
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for k, m G N. Either assumption (jl.8p or (jl.9p . according to whether g G (l,oo] or q = 1, and 
Theorem 13.51 ensure, via (|3.66p . that 



(3-80) ||V«*||£p-i ( n) < C||/Il£^) 

for some constant C independent of k. Hence, 



i 



for k G N and for some constant C independent of k. Thus t can be chosen so large that 

(3.82) 1-flVtifcl > t}\ < e, for k G N. 
Next, set 

(3.83) G = {\u k - u m \ < 5, \Vu k \ < r, \Vu m \ < r, \Vu k - Vu m | > t}. 
We claim that, if (ET82]) is fulfilled, then 

(3.84) \G\ < e. 
To verify our claim, observe that, if we define 

S = {(£, r/) G R 2n : 1^1 < r, \ V \ < r, |£ - 7/1 > t], 

and Z : f2 — > [0, oo) as 

l{x) = inf{[a(x, £) - a(x, rf)] ■ (£ - 77) : (f , 77) G S}, 

then Z(x) > and 

(3.85) \{l(x) =0}| =0. 

Actually, this is a consequence of (jl.5p and of the fact that S is compact and a(x, £) is continuous 

in £ for every x outside a subset of f2 of Lebesgue measure zero. 

Now, 

/ l(x) dx < / [a(x, Vnfc) — a(x, Vn m )] • (Vtifc — Vtt m ) dx 
Jg 

< / [a(x, Vn fc ) - a(x, Vu m )] • (Vu fc - Vu m )dx 

J \\Uh— Um. \<S\ 



(3.86) 



{\u k — U m \<S} 

[a(x, Vtifc) - a(x, Vu m )] • V(T s (u k - u rn )) dx 
(fk ~ fm)Ts(u k - u m )dx < 4\n\78\\f\\ L ,(a), 



where the last equality follows on making use of Ts(u k — u m ) as test function in (I3.69P for k and 

m and substr acting the resulting equations. Thanks to (|3.85p . one can show that for every e > 

there exists 8 > such that if a measurable set F C fulfills j F l(x)dx < 0, then \F\ < e. Thus, 

1 _____ 
choosing 5 so small that 4|n|9 7 5||/||x,«(n) < $7 inequality (|3.84|) follows. 
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Finally, since, by Step 1, {uk} is a Cauchy sequence in measure in f2, 

(3.87) \{\u k -u m \ >5}\ <e, 

if k and m are sufficiently large. Combining ([37791) . ([3782]) . (pOIj) and (|3T87ft yields 

|{|Vu fc - Vu m \ > t}\ < 4e, 

for sufficiently large k and m. Property (|3.78|) is thus established. 
Step 3. u G W^' p (n), and 

(3.88) V^fc — > Vu a.e. in f2 , 

up to subsequences, where Vu is the generalized gradient of u in the sense of (|2.12|) . 

Since {Vitfc} is a Cauchy sequence in measure, there exists a measurable function Z : £1 — > R n 
such that 

(3.89) Vu fc -> Z a.e. in 17 

(up subsequences). Fix any t > 0. By (|3.76p . {T t (itfc)} is bounded in W 1,P {VL). Thus, there exists 
a function lit G W^ 1,p (0) such that 

(3.90) r t (u A ) u t weakly in W 1,p (n) 
(up subsequences). By Step 1, T t {uj.) — > T f (u) a.e. in Q, and hence 

(3.91) ut = Tt(u) a.e. in O. 
Thus, 

(3.92) T t (« fc ) T t (u) weakly in W 1 ^). 
In particular, u G W^,' p (0), and 

(3.93) V(T t («)) = X{|«|<t}Vu a - e - in • 
By (I3T701) and l|g35j> . 

V(T t (« fc )) = X{|« fc |<t} Vu fc X{|u]<t}-£ a - e - in n • 

Hence, by (^921) 

(3.94) V(T t («)) = X{|«|<0 Z a - e - in n ■ 
Owing to the arbitrariness of t, coupling (|3.93p and (|3.94p yields 

(3.95) Z = Vu a.e. in O. 
Equation (13.880 is a consequence of (|3.89|> and (|3.95l) . 

Step 4. u G V 1,P_1 (J)) and satisfies property (i) of the definition of approximable solution. 
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^,From (|3.88p and (|3.80p . via Fatou's lemma, we deduce that 

l|V«|U P - 1( n)<C||/||^ n)J 
for some constant C independent of /. Hence, u € V ,p (fi). 

As far as property (i) of the definition of approximable solution is concerned, by (13,881) 

(3.96) a(x, Vu k ) — > a(x,Vu) for a.e. x €. Q . 

Fix any $ 6 W 1,00 (fi) and any measurable set Fcl!. Owing to Lemma 13 . 1 1 and (|3.66p . 

(3.97) f \a(x,Vu k )-V(l>\dx< ||W|U«.(n) / ([V^fcl^- 1 + cte 

< l|V0|Uoo (n) U(|F|)||/||M(fi)+ / 



for some function ? : (0, oo) — > [0, oo) such that lim s ^ + ?( s ) = 0- From (|3.96p and (|3.97p . via 
Vitali's convergence theorem, we deduce that the left-hand side of (|3.69p converges to the left- 
hand side of (|2,16p as k —* oo. The right-hand side of (|3.69p trivially converges to the right-hand 
side of (|2.16j) . by (|3.64p . This completes the proof of the present step, and hence also the proof 
of the existence of an approximable solution to (jl.ip . 

We are now concerned with the uniqueness of the solution to (jl.ip . Assume that u and 
u are approximable solutions to problem (jl.ip . Then there exist sequences {/&} and {f k } C 
L q (Q) fl (V 1,p (Q)y having the following properties: J n fkdx = J n fkdx = 0; f k — > f and f k — > / 
in L q (ft); the weak solutions u k to problem (|3,67p and the weak solutions u k to problem (|3.67p 
with f k replaced by f k , fulfill u k — > u and u k -^u a.e. in £1. Fix any t > and choose the test 
function <3? = Tt(u k — u k ) in (|3.69p . and in the same equation with u k and f k replaced by u k and 
f k , respectively. Subtracting the resulting equations yields 



(3.98) / X{\u k -u k \<t}[a(x, Vufc) - a(x, Vu k )} ■ (Vn fc - Vu k )dx = / (f k -f k )T t (u k -u k )dx 
Jn Jn 

for k € N. Since \T t (u k — u k )\ < t in Q and f k — f k — > in L 9 (f2), the right-hand side of (|3.98l) 
converges to as fc — > oo. On the other hand, arguments analogous to those exploited above in 
the proof of the existence tell us that Vu k — > Vu and X7u k — > Vu a.e. in Q, and hence, by (jl.5p 
and Fatou's lemma, 

/ [a(x, Vu) - a(x, Vu)] ■ (Vit - Vtt) dx = 0. 

J{\u-u\<t} 

Thus, owing to (jl.5p . we have that Vu = Vu a.e. in {|u — u\ <t} for every f > 0, and hence 

(3.99) Vu = Vu a.e. in Q. 

When p > 2, equation (|3.99p immediately entails that u — u = c in £1 for some c € M. Indeed, 
since u,u £ 1/ I,p_1 (r2) and p — 1 > 1, u and u are Sobolev functions in this case. 
The case when 1 < p < 2 is more delicate. Consider a family {$7 £ } £> o of smooth open sets 
invading f2. A version of the Poincare inequality [Ma4][Zi] tells us that a constant C(f2 e ) exists 
such that 



(3.100) (/ \v - meda s (v)\ n ' dx) < C(Q E ) I 



| Vw| dx, 
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for every v £ VF 1 ' 1 (J7 e ). Fix any t, r > 0. An application of (|3. 1Q0|) with v = T T (u — Tj(u)), and 
the use of (j3.99[) entail that 

(3.101) ^jf \T T (u - T t (u)) - medn £ (T T (n - T t (u)))\ n ' dx^j * 



<C(n £ )\ / \Vu\dx+ / |Vtt|dx . 

\J {t<\u\<t+r} J{t-T<\u\<t} J 

We claim that, for each r > 0, the right-hand side of (|3.10ip converges to as t — > oo. To verify 
this claim, choose the test faction = T T (u k — T t {u k )) in (|3.69p and exploit (jl.3p to deduce that 



(3.102) / \Vu k \ p dx< a(x,Vu k ) -Vu k dx <t \f, 

J {t<\u k \<t+r} J {t<\u k \<t+r} J{Wk\>i} 

On passing to the limit as k — > oo in (|3.102p one can easily deduce that 



(3.103) / \Vu\ p dx < t / |/| dx. 

J{t<\u\<t+r} J{\ u \>t} 

Hence, the first integral on the right-hand side of (|3.10ip approaches as t — > oo. An analogous 
argument shows that also the last integral in (|3,10ip goes to as t — > oo. Since 



lim T T (u - T t {u)) - medn £ (T r (u - T t (u))) = T T (u - u) - medn £ (T r (n - u)), a.e. in Q, 
from (|3.10ip . via Fatou's lemma, we obtain that 

(3.104) / \T T (u-u) - medn £ ( t t (u - u))f dx = 

for r > 0. Thus, the integrand in (|3.104|) vanishes a.e. in J7 e for every r > 0, and hence also its 
limit as r — > oo vanishes a.e. in f2 e . Therefore, a constant c(e) exists such that u — u = c(e) in 
0, E for every e > 0. Consequently, u — v = c in f2 for some c € M. 



4 Strongly monotone operators 
4.1 Continuous dependence estimates 

The present subsection is concerned with a norm estimate for the difference of the gradients 
of weak solutions to problem (jl.ip . with different right-hand sides in (V 1,P (Q))' , under the 
strong monotonicity assumption (|1.1U|) . Such an estimate is a crucial ingredient for a variant 
(a simplification in fact) in the approach to existence presented in Section [3l and leads to the 
continuous dependence result of Theorem 11.21 

Theorem 4.1 Let tt, p, q, a, f and g be as in Theorem \ 1.021 Assume, in addition, that f,g G 
(V 1,p (£l))' . Let u be a weak solution to problem (jl.ip . and let v be a weak solution to problem 
(jl.lj) with f replaced by g. Let < a < p and let r = max{p, 2}. Then, there exists a constant 
C such that 

(4.1) ||V« - V«||^ ( n) < C||/ - g\\£ q(n) (||/|U« ( n) + Wgh^n))^^ , 
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if either 

(i) q > 1, q(p - 1) < a and (^27]) holds, 
or 

(ii) 1 < q < oo, < a < q(p - 1) and (|3.28[) holds, 
or 

(Hi) q = oo and (|3,29p holds, 
or 

(iv) q = 1 and (|3.30p holds. 

Moreover, the constant C in (14, ip depends only on p, q, a and on the left-hand side either of 
(13^71) . or (^28|) . or (j3^9|) . or (TOUp . respectively. 

Proof. Throughout the proof, C and C will denote constants which may change from equation 

to equation, but which depend only on the quantities specified in the statement. 

We shall focus on the case where a < p, the case where a = p being analogous, and even simpler. 

First, assume that 1 < q < oo, and hence that we are dealing either with case (i) or (ii). 
We may suppose, without loss of generality, that u and v are normalized in such a way that 
medft(u) = medn(u) = 0. Given any 7 G (—1, 0) and e > 0, define (u — v) £n : £1 — > E as 

(u — v) £n = max{(u — v)+ , e} 7+1 — max{(u — v)- , e} 7+1 . 

The chain rule for derivatives in Sobolev spaces ensures that (u — v) £ ^ G V l,p (^l), and that 

V(u - v) £:J = (7 + l)\u - v\ 7 x\u-v\>eV(u - v) a.e. in Q. 

Thus, the function (u — i>) e ~ can be used as test function $ is the definition of weak solution 
for u and v. Subtracting the resulting equations yields 

(4.2) (7 + I)/ \u - t>| 7 [a(x, Vu) - a(x, Vv)] ■ V(u - v)dx = \ (u - v) ea {f - g)dx. 

J {\u— v\>e} JQ 

If 1 < p < 2, making use of (jl.lOp and passing to the limit as e — > + in (|4.2p tell us that 

(4.3) f \u - vF n } Vu ~^ V }* dx<C ( \u-v\~< +1 \f -g\dx. 
If p > 2, then the same argument yields 

(4.4) f {u-v^lVu- Vv\ p dx < C [ \u - v| 7+1 |/ - g\ dx. 
Jn Jo, 

Consider first the case when 1 < p < 2. Let (a, (3, g) be the solution to the system 
(4-5) ( p _2)^ = a, 

1 — a a/3 

4-6 = 0, 

a p — a 

(4.7) ^ = q. 

K ' ag-2a + l H 
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Namely, 

(a s^ aq + pq- 2a 

(4.8) a = , 

V ' 2pq-2a ' 

2a 



(4.9) 

(4.10) g = 



2+q-p 1 

2aq 
qa + pq — 2a 



Observe that a £ (1/2, 1), (3 > a and 

aq 



(4.11) ag 



pq — a 



Now, choose 7 = 2(a — 1) in (|4.3p . and note that actually 7 G (—1, 0). Thus, the following chain 
holds: 



(4.12) 



N f/, Xl-f 



(iv. - v v \\ u - , r -r * < (J a { %J^L P ** ) {J^n\ + w * 

(by Holder's inequality) 

< (J \f~g\\u- v\ 2( - a -V +1 dx^j 2 (^J (|V«| + [Vt;|) ,T dx^ 

(by g3J and g3|)) 



2(a-l) + l g q e -2(a-l)-l g 

< ( / |ii-v| Qe (ix) ^ 2 ( / |/ - g \ ae -2(*-i)-i dx ) 2 ( (\\7u\ + \Vv\) a dx 

In ) \Jn ) \Jn 

(by Holder's inequality) 

\ A \ — x 1 -- 

u-vl^dx) ? ( / |/-g| 9 dx) " ( / (|V«| + I Vv\y dx 

(by gZD and KTDt ). 



Next, observe that cr > c/(p — 1) if and only if > q(p~ 1)- Thus, an application of Theorem 
13.21 with cr replaced by ^ g tells us that, either under (|2.10p or (|2.1ip . according to whether 
f > c/(p — 1) or cr < g(p — 1), one has that 

(4.13) llull <C||/||^Ls and llvll <C||d|^7 ov 
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Moreover, by Theorem 13.51 

(4.14) ||Vu|| iCT(n) < Cll/H^ and ||V^|| Lff(n) < C\\g^ a) . 
Combining (l4T2l) - (j4TL4j) yields 

(4.15) / \V\u-v\ a fdx<C( f \f-g\"dx) q {\\f\\ LH n) + \\g\\LHn))^ l(1 ~^ + ^^^ 
By Holder's inequality, AMD, (liTl]) and (l4TT3j) . 

(4.16) / |Vu- Vv\ a dx = — [ \V\u - v\ a \ a \u - v\ {1 ~ a)a dx 
Jn a a Jn 

< — | / \V\u — v\ a \P dx) if \u — v\ pi~ a dx) 

< C \V\u - v\ a fdx^j 9 (||/|| £9( n) + \\g\\ L «(n))™^ ■ 

Inequality (|4.ip follows from (|4.15p and (|4.16p . 

Assume now that p > 2. Let (a, g) be the solution to the system 

(4.17) aB 



ag — p(a — 1) — 1 



. , , 1 — a ap 

4.18 V — = g, 

a p — a 



namely 



qap pq(p - 1) + a(q - p) 

and a — 



pq(p - i) + cr{q - p) pijpq-o- 

In particular, 

aq 



(4.19) ag 



pq-a 



also in this case. Take 7 = p(a — 1) in (|4.4p . an admissible choice since p(a — 1) £ (—1,0). From 
([HD , (f47T9l . KW\ and (^T31 one deduces that 



(4.20) / |V|« - v\ a \ p dx = a p J (iVu-VvWu-v^Y dx 

< C [ \ f - g\\u - vf Q ~ 1)+1 dx 



in 

<c( \u — v\ pi- a dx j ( / I/ — g\ q dx 
\Jn J \Jn 

< C (Wfhoio) + IMkW ||/ _ g \\ Lq{n) . 
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(p-l)(p?-<r) 



Analogously to (|4.16p . we have that 

(4.21) J \Vu- Vv\ a dx < (^j \V\u - v\ a fdx) P (J \u - v\^ dx^j 

<C^ \V\u - vlTdx^j ' (||/|U, ( n) + IMU« ( n)) 

< C {\\f\\ Lm + hW^a))^ 11/ - 9\\l (nr 

where the second inequality holds owing to (|4.13j) and the last one to (|4.20p . This completes the 
proof of (|4.1[) in cases (i) and (ii). 

Case (Hi) can be dealt with an analogous argument, requiring easy modifications. The details 
are omitted for brevity. 

Finally, consider case (iv). As above, we may assume that medn(-u) = medn(w) = 0. Let us 

set 

w = (u — v) + . 

Given any integrable function £ : (0, |fi|/2) — > [0, oo), define A : [0, |f&|/2] — > [0, oo) as 

(4.22) A(r) = / CO) dp, for r G [0, |0|/2]. 

J o 



A(r) if < r < s, 
A(s) if s < r < |0|/2, 



Moreover, for any fixed s £ [0, |fi|/2], define I : [0, |f&|/2] — > [0, oo) as 

(4.23) I(r) 
and $ : O, — > [0, oo) as 

/•w(x) 

(4.24) $(x)=/ I(fjL w (t)) dt, iorxen. 

Jo 



Since I o /i^, is a bounded function, the chain rule for derivatives in Sobolev spaces tells us that 
$ e and 

(4.25) V$ = X{ u _ u>0 }^(^(w))(Vit - Vu) a.e. in fi. 

Choosing <3? as test function in the definitions of weak solution for u and v and subtracting the 
resulting equations yields 



(4.26) 



' I(fj, w (w(x)))[a(x, Vu) - a(x, Vv)} • (Vu - Vv) dx = / (f — g)$dx. 

{u— v>o} Jn 
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Observe that 



(4.27) ||$IU~(n) < / I(jMv(t))dt 



oo 







rw* (s) 

A(ji w {t))dt+ I A(s)dt 



io* (a) J 

oo rnw{t) 

/ C(p)dpdt + A(s)w*(s) 

io* (s) JO 



(«;*(p)-«;*( a ))C(p)dp + A( a K(5) 
w*(pK(j>)dp 



o 



s 



< / «(p/2)+^(p/2))C(p)dp 



o 



< 



ll/+llF(n) + ll5-ll^(n)) / ^(p/2)^C(p)dp, 



v jo 



where the third equality holds by Fubini's theorem, the last but one inequality by (|2,3p . and the 
last inequality by estimate (|3.4p and by the corresponding estimate for v. Combining (|4.26p and 
p~27j) entails that 



(4.28) / I(fj, w (w(x)))[a(x, Vu) - a(x, Vv)] ■ (Vn - Vv) dx 

J{u-v>0} 

< \\(f ~ 9) + \\lHu) (||/ + ||£fj n) + |b-||^ n) )^^(r/2)^C(r)dr. 

Let us distinguish the cases when 1 < p < 2 and p > 2. 
First, assume that p > 2. By (fTTO]) and (14281) . 

(4.29) C / |Vu>| p /(^(w(2;)))(ix 

J{n-f>0} 

< ||(/-5)+IUi(n) (ll/+H^) + ll5--l!l^)) [ S v P (r/2)^ar)dr. 



o 



Since w and ui* are equidistributed functions and I is non-decreasing, 

(4.30) (lo^ow)Jr) = (Jo^ow*) t (r)>I t (r)=/(r), for r E (0, |0|/2) . 

Hence, by (1231) . 



(4.31) / |VH P J0M™(z))) > / |Vw|*(r) p (/ o p w o u>*)» dr 

•/{u-i>>0} ■/ 



> / |Vw|*(r) p J(r)dr 
Jo 

> [ \Vw\*(r) p I(r)dr 
Jo 

C(p) dpdr for s 6 (0, |fi|/2). 
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From P~29j) and (|OTj) we obtain that 

f s t(r)(<i — r) dr f -±- J- \ 

(4.32) C\Vw\*(sy ^ 1 < \\{f - g) + \\ LHn) ||/ + |lF ( n) + lb-ll£(n) , 

J z/ p (r/2) 1 -pC(?')* V 7 

for s G (0, |Q|/2). Clearly, 

(4.33) sup f flC(r)(a ; r) ^ = ||(*-rH(r/2)«^|| i - M > ^ P (s/A)^, 

C J V p (r/2)^C(0 dr 

for s G (0, |0|/2). Thus, owing to the arbitrariness of £, inequality (|4.32p implies that 

(4.34) |VH*(*r < - ; (\\(f -ghWvw (Wf+Wiln) + \\9-\\tln } )) * > 

for s € (0, |0|/2). An analogous argument yields a similar inequality with (u — v) + (i.e. w) 
replaced by (u — v)-. Hence, by (|3.30p . inequality (|4.ip follows. 

Consider now the case when 1 < p < 2. Define H : — ► [0, oo) by 

2_ 

I Viol p 

= — , for x G Q. 

(|Vuj + |Vv|)~ 

^From (fTTOj) and (|4T28j) we deduce that 



(4.35) C / H(x)I(n w (w(x)))dx 

J{u-v>0} 

< Kf-g)+\\mrt) (\\f+\\tla) + \\9-\\tln)) J* M 1 ^ C(r) dr . 

The same argument leading to (|4.34p now shows that 



(4.36) H*(s) < ( ||(/ - 9)+\\ma) (\\f+\\£r a) + ll<? 



(sz/p(s/4)f-i)i 
for s G (0, |0|/2). On the other hand, 



P- 1 _L IU IIP" 1 

L!(n) 



2-P 



(4.37) |Vu>|*(a) = [H$(\Vu\ + |V«|)^r) (s) 

< H*(s/2)2 (|V«| + |Vu|)*(s/2) 



2-P 
2 



< CH*(s/2)2 ( |V<(s/4) ^ + |Vu|*(s/4) 

P-2 

2p / II /IIP" 1 _L IUIIP- 1 

L 1 (f2) 



< C2P(j/2)5 (^ P ( S /8)^) V (ll/ll^n) + 



2_-£ 



for s G (0, |Q|/2). Note that the first inequality holds by (|2.4|) . the second one by (|2.3|) and last 
one by Proposition 13.61 Coupling (|4.36p and (|4.37p yields 

(4.38) \Vw\*( S y < g— _ [[(/_ g) + ||| 1(n) (||/|| L1(n) + |blUi(n))^ 

su p (s/8)p- 



for s G (0, |f2|/2). Inequality (|4,38p . and a similar inequality with (u — v)+ (i.e. w) replaced by 
(u — i>)_, imply (|4.1|) when (|3.3U|) is in force. 
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4.2 Proof of Theorem IT2I 



We proceed through the same steps and make use of the same notations as in the proof of 
Theorem 11.11 The proofs of Steps 1 and 3 are exactly the same. Thus, we shall focus on Steps 
2 and 4. 

Step 2. {Vuk} is a Cauchy sequence in measure. 

Either assumption (|1.8|) or (jl.9p . according to whether q G (1, oo] or q = 1, Theorem 14. II and 
(|3.66p ensure that 



(4.39) 



||V«fc - Vu m \\ LP -i(p-) < C\\fk - f n 



__L 1 

p— 1 r 



for k,m G N and for some constant C independent of k and m, where r = m&x{p, 2}. Hence, 
{Vnjt} is a Cauchy sequence in measure. 

Step 4. u G 1/ I,p_1 (f2), and satisfies property (i) of the definition of approximable solution. 
^,From Theorem 13.51 Step 3 and Fatou's Lemma, we get that 

l|Vu|| LP -i (Q) < liminf \\Vu k \\ LP -i {n) < C||/|| i9(n) , 
for some constant C, whence u G V 1,P ~ 1 (Q). In order to prove (|2.16p . note that 



(4.40) 



du k 



dxi 



dxi 



du„ 
dxi 



du r 



dxi 



p-2 



< 2 2 - p 



duk du Ti 



p-i 



for k, m G N. Coupling and (JOOj) entails that 

p-2 



dxi dxi 

p-2 



1, ...,n, 



d:r. 



duv 



dxi 



is a Cauchy sequence in 



L (O), for i=l,...,n. Thus, the sequence < > converges to some function in L (f2) 



Since Vu — > Vu a.e. in Q by Step 3, necessarily 



(4.41) 



duk 
dxi 



dui 



dxi 



p 2 du 
dxi 



du 



dxi 



p-2 



in L 1 (r2), for i = 1, 



..,n. 



Now, define the Caratheodory function b : f2 x M n — > ] 

2— p 2— p 

(4.42) b(x,7]) = a{x,n 1 \rj 1 \p- 1 , . . . , rj n \r] n \ p- 1 ) 
Hence, 

(4.43) a(x,o = K6i6r 2 ,...,eni^r 2 ), 

and, by (|1.4|) , for a.e. 

(4.44) |6(x,?7)| < Cdr/I + /i(x)), 



as 



for (x,??) GSlxl". 
for e!]xl", 
for i] G M n . 



By (H3U), the Nemytski operator N : (L^O))" -> (^(O)) 71 , defined by Nz(x) = b(x,z(x)), for 
z G (L 1 ^))", is continuous (see Hi Section 26.3]). Thus, by (OTP and (Q3l) . 



Consequently, 



o(a?,Vw fc ) -> o(x,V«) in(L 1 (n)) n . 



lim / a(x, Vu fc )-V$dx = / a(x, Vu) • V$ 



da; 
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for every $ g W 1,oc (Q). Trivially, 

lim / / fc $ dx = / f<&dx, 

for any such Hence, (|2.16p follows from (|3,69p . This completes the proof of the existence of 
an approximable solution to (jl.ip . 

As far as (jl.lip is concerned, by the definition of approximable solution, there exists se- 
quences {fk} and {gk} in L q (Q) D (V l ' p (£i))' such that fk~*f and gk — ► g in as A; — > oo, 
and such that the sequences {uk } and } of the weak solutions to problem (jl.ip , with / re- 
placed by fk and / replaced by gk, converge to u and v, respectively, a.e. in Q. ^From Theorem 
14.11 we have that 

I _j i 

(4.45) || Vu k - VvfcHip-^n) < C||/ fe - 3&||£ g(n) (||/fclU?(n) + I Iff* 1 1 !,?(«)) r 

for A; 6 N. The same argument as in the proof of existence above tells us that Vu^ — ► Vu and 
Vvk — ► Vi> a.e. in f2 (up to subsequences). Hence, by Fatou's lemma, we deduce (|l.lip . 

In particular, if / = g, then (jl.lip entails that = a.e. in $7. Thus, the same argument 
as in the proof of Theorem ll.ll ensures that u — v = c in f2 for some c£l. This establishes the 
uniqueness of the solution up to additive constants. □ 



5 Applications and examples 

Before presenting some applications of Theorems 11.11 and 11.21 to special domains and classes of 
domains Q, we state, for comparison, counterparts of these results involving the isoperimetric 
function A. They immediately follow from Theorems 11.11 and 11.21 via (|2,27p . 

Corollary 5.1 Let £1, p, q, a and f be as in Theorem \l.l\ Assume that either 
(i) 1 < q < oo and 



|Q|/2 w ,|n|/2 dr 
(5.1) / sp[ --—7 ) ds < oo, 



X(r)P' 



or 

(ii) q = 1 and 



r|n|/2 1 / ,|0|/a dr x> ds 

( 5 - 2 ) / SP / 7^77 — <°°- 



W, A(r)P7 s 

T/ten there exists a unique (up to additive constants) approximable solution to problem (jl.ip . 

Corollary 5.2 Let £1, p, q, a and f be as in Theorem \l.S\ Assume that either 1 < q < oo and 
(|5.ip holds, or q = 1 and (|5.2p holds. 

Then there exists a unique (up to additive constants) approximable solution to problem (11.11) 
depending continuously on the right-hand side of the equation. Precisely, if g is another function 
from L q (£l) such that J n g(x)dx = 0, and v is the solution to (jl.lj) with f replaced by g, then 

1 .ii 



||Vu - Vi>||£,-i ( n) < C\\f - g\\i q{n) {\\f\\mn) + IMIw(fi)) ^ 7 

for some constant C depending on p, q and on the left-hand side of either (|5.ip or (|5.2p . Here, 
r = max{p, 2}. 
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Recall from Section 12.41 that inequality (|2.27[) between A and u p holds for every domain and 
for every p > 1, whereas a converse inequality (even up to a multiplicative constant) fails, unless 
O is sufficiently regular. As anticipated in Section [Tj Corollaries 15.11 and 15.21 lead to conclusions 
equivalent to those of Theorems II .11 and II .21 respectively, only if the domain Q is regular enough 



This is the case of Examples 1-5 below. However, if is very irregular, as in Examples 6 and 7, 
then (|5.3|) fails, and Corollaries 15.11 and 15.21 are essentially weaker than Theorems 11.11 and 11.21 
In our examples we shall discuss the problem of existence and uniqueness of solutions to problem 
(jl.lj) via Theorem 1 1.1 1 or Corollary GTTJ it is implicit that the continuous dependence on the data 
will follow under the appropriate strong monotonicity assumption (jl.lOp by Theorem 11.21 or 
Corollary 15.21 respectively. 

Example 1. (Lipschitz domains). 

Assume that Q is a connected and bounded open set with a Lipschitz boundary, and let 1 < 
p < n. Owing to (|2.29p and (|2.3U|) . condition (|1.9|) is fulfilled. Thus, by Theorem under 
assumptions (|1.3p - (jl.5p . a unique approximable solution to problem (jl.ip exists for any / G 

The same conclusion follows from Corollary 15.11 since (|5.3p holds in this case. 
Example 2. (Holder domains). 

Let be a connected and bounded open set with a Holder boundary with exponent a G (0, 1), 
and let 1 < p < — (n — 1) + 1. By the Sobolev embedding of |La] and by the equivalence of 
(|233>(j2T2lj) . we have that 

(5.4) u p (s) > Cs l ~^+^ for s G (0, |0|/2), 

for some positive constant C. Owing to Theorem II. 1\ a unique approximable solution to (jl.ip 
exists for any a G (0, 1) and for any / G L 1 (0). 
On the other hand, by (j2T26j) . 

n-l 

A( s ) > Cs^+^ for s G (0, |fi|/2), 

for some positive constant C. Thus, (15.31) holds, and the use of Corollary 15.11 leads to the same 
conclusion about solutions to (jl.ip . 

Example 3. (John and 7- John domains). 

Let 7 > 1. A bounded open set $7 in W 1 is called a 7- John domain if there exist a constant c G 
(0,1) and a point xq G SI such that for every there exists a rectifiable curve w : [0, /] — > $7, 

parametrized by arclenght, such that w(0) = x, zu(l) = xq, and 



The 7-John domains generalize the standard John domains, which correspond to the case when 
7 = 1 and arise in connection with the study of holomorphic dynamical systems and quasicon- 
formal mappings. The notion of John and 7-John domain has been used in recent years in the 



study of Sobolev inequalities. In particular, a result from [KM] (complementing [HKJ) tells us 
that if p > 1 and 1 < 7 < -^r + 1, then 




dist (w(r),dQ) > cr 



.7 



for r G [0,1]. 
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where either a 



np 



or a is any positive number, according to whether 7 > ^—r or 



(n— 1)7+1— p 



7 < By the equivalence of (12.23ft and (12. 241) . one has that 

u p (s) > Cs* for s G (0, \n\/2), 

for some positive constant C. An application of Theorem ll.ll ensures that a unique approximable 
solution to (II. ip exists for any / G L q {Q) if q > 1 and 1 < 7 < + 1, and also for / G L 1 (J1) 
provided that 1 < 7 < -f^ + 1. 

It is easily verified, on exploiting (|2.26p . that the same conclusions follow from Corollary 15.11 as 



Example 4. (A cusp-shaped domain). 

Let L > and let t? : [0, L] — > [0, 00) be a differentiable convex function such that i9(0) = 0. 
Consider the set 



(see Figure [T]), where x = (x',x n ) and x' = (xi, . . . , a%-i) G K n . Let : [0, L] — > [0, 00) be 
the function given by 



We claim that (fL9|) is fulfilled for every p G (l,n). Actually, [Mall 4.3.5/1] tells us that 



well. 



n = {x G R n : \x'\ < 0(sc n ),O < x„ < L} 




for p G [0,L]. 




*(x„) 




Figure 1: a cusp-shaped domain 



(5.5) 




l-p 




Thus, (jl.9p is equivalent to 



(5.6) 




ds < 00 
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or, via a change of variable, to 

, / f e-H\n\/2) n W / , P n -i/p' 

(5.7) y i^J tf(r)^drj i^J ^(r^drj ${p) n - l dp < oo . 

By De L'Hopital rule, 

(5.8) hmsup ^_ (n _ 1)p , jP^ r)n -i dr ^ *™ sup ( n _ l)pW( p )-n&( p ) fP$( r )^dr - 1 
Since •&' is non-decreasing, 

Jo (J F tf'(r)dr) 



> 



7 P tf'(r)dr) n " n 



for p € (0, |Q|/2). Inasmuch as p < n, by (I5.8p and (|5.9I) the integrand in (I5.7p is bounded at 0, 
and hence (|5,7p follows. 

By Theorem if / € L 1 (0), then there exists a unique approximable solution to problem 
(jl.ip under assumptions (|1.3p - (|1.5p . 

Notice that the same result can be derived via Corollary l5.il Indeed, by |Ma3} Example 3.3.3/1], 

A(s) » ^(B-^s))™- 1 for s G (0, |fi|/2), 

and hence (15.311 holds. 



Example 5 (An unbounded domain). 

Let C '■ [0, oo) — > (0,oo) be a differentiable convex function such that lim p ^ + C(p) > — 00 an d 
linip^oo C(p) = 0. Consider the unbounded set 

fl = {x £W l : x n > 0, \x'\ < C(x n )} 

(see Figure [2]), where x = (a/, x n ) and x' = (xi, . . . , x n -i) G W 1 . Assume that 

(5.10) / ((rY^dr <oo, 

in such a way that < oo. Let T : [0, oo) — > [0, oo) be the function given by 



POO 

T(p) = nu n / Q(r) n ~ l dr for p > 0. 

J p 



By [Mall Example 4.3.5/2], if p > 1, 



C(r)F7dr for s G (0, |n|/2). 



T- 1 (|n|/2) 

An application of Theorem 11.11 tells us that there exists a unique solution to problem with 
/ G L 9 (f2) if either q > 1 and 

(5.11) /°° ( [" ((r)^dA 7 ( [°° C(r) n ~ 1 dr) P ({p)" 1 - 1 dp <oo, 

J \Jr-i(\n\/2) J \Jp J 
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Figure 2: an unbounded domain 

or q = 1 and 



(5.12) / ( / C{r)~drY [ I Q{r) n ~ l dr) Q{p) n ~ l dp < oo . 
J \Jr-->-(\n\/2) J \Jp J 

For instance, if ((p) = tj+^W' then ( !^TT]' and (I5TTU1) hold if /3 > whereas (|STT2l never 

holds, whatever [3 is. In the case when £(p) = e _pQ with a > 0, condition (|5.1ip holds for every 
q € (1, oo], whereas (|5. 12[) does not hold for any a. 
Note that, by [Mai Example 3.3.3/2], 

\{s)^ (({T- 1 (s))) n ~ 1 ass^0+. 

Thus, (|2.26p holds, and hence Corollary 15.11 leads to the same conclusions. 
Example 6 (A domain from [CH] ) 

Let us consider problem (11. ip in the domain Q C M 2 displayed in Figure [3] and borrowed from 
[CH| . where it is exhibited as an example of a domain in which the Poincare inequality fails. In 
the figure, L = 2~ k and I = 5(2~ k ), where k G N and 5 : [0, oo) — > [0, oo) is any function such 
that: S(2s) < c5(s) for some c > and for s > 0; is non-decreasing; is non-increasing 
for some e > 0. One can show that, if 1 < p < 2, then 

(5.13) i/ p (s) ps ^a 1 /*)* 1 ? ass^0+ 
[CM2] , In particular, by (12251) . 

(5.14) A(s) « <5(s 1/2 ) as s -» 0+. 

By Theorem 11.11 it is easily verified that there exists a unique solution to problem (jl.ip if 
/ G L q (Q) for any g > 1. When <? = 1, the solution exists and is unique provided that 

,5.i5) j^y is<0O . 
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Figure 3: an example from [CH] 



for some a € (l,p+l), or when 5(s) ~ s p+1 ( log(l/s))' 



For instance, (|5.15p holds when 8(s) - 
for small s, with (3 > p. 

The use of the isoperimetric function, namely of Cororlarv l5.il yield worses results for the domain 
of this example, for which inequality (|5.3p fails. For instance, if 5(s) = s a , the existence and 
uniqueness of a solution to problem f|l.lj) cannot be deduced from Corollary 15.11 unless either 
a < 2 and q>l, or2<a<p+l and q > . 

Example 7 (Nikodym) 

The most irregular domain Q C M 2 that we consider is depicted in Figure [H It was introduced 
by Nikodym in his study of Sobolev embeddings. 






Figure 4: Nikodym example 
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In the figure, L = 2~ k and I = 5(2~ k ), where k € N and 5 : [0, oo) — > (0, oo) is any increasing 
Lipschitz continuous function such that 5 (2s) < c6(s) < c's for some contants c, d > and for 
s > 0. If p > 1, one has that 

(5.16) u p (s)xi6(s) ass^0+, 
and 

(5.17) X(s) m 5(s) as s -»■ 0+ 

[Ma4} Section 4.5]. By (|5.16p and Theorem 11.11 there exists a unique approximable solution to 
problem (jl.ip provided that / € L q (£l) for some (? > 1 and (jl.8|) is fulfilled, namely 

(5.18) j£(JL)* *<oo. 

On the other hand, condition (jl.9p never holds, and hence the case when / G L x (r2) is not 
admissible in Theorem II. II for this domain. 
In the special case when 

(5.19) S(s) = s a , for s > 0, 
with a > 1, condition (I5.18P is equivalent to 

(5.20) a < 1 + ^ . 

Equations (|5.17|) and (|5.16|) tell us that (|5.3p is not fulfilled for the domain O, of this example, 
and the use of Corollary 15.11 actually requires stronger assumtpions on 5(s). For instance, when 
S(s) is given by (|5.19p . one has to demand that a < 2 — -. This is a more restrictive condition 
than (|530|) . 9 
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